New classes of modified teleparallel theories of gravity are introduced. The action of this theory is constructed to be a function of the irreducible parts of torsion f (T ax , T ten , T vec ), where T ax , T ten and T vec are squares of the axial, tensor and vector components of torsion, respectively. This is the most general (well-motivated) second order teleparallel theory of gravity that can be constructed from the torsion tensor. Different particular second order theories can be recovered from this theory such as new general relativity, conformal teleparallel gravity or f (T ) gravity. Additionally, the boundary term B which connects the Ricci scalar with the torsion scalar via R = −T + B can also be incorporated into the action. By performing a conformal transformation, it is shown that the two unique theories which have an Einstein frame are either the teleparallel equivalent of general relativity or f (−T + B) = f (R) gravity, as expected.
Introduction
General Relativity (GR) is very successful theory accurately describing the dynamics of the solar system. All predictions of general relativity, including gravitational waves, have now been experimentally verified. Nonetheless, when applied to the entire Universe, we are faced with conceptual and observational challenges that are sometimes simply summarised as the dark energy and the dark matter problems. When considering the total matter content of the Universe, it turns out that approximately 95% is made up of these two components we do not fully understand yet. This, together with developments in other fields of physics has motivated a variety of models which can be seen as extensions or modifications of general relativity.
Perhaps surprisingly, alternative formulations of general relativity were constructed and discussed shortly after the formulation of the Einstein field equations. One such description, which is of particular interest to us, is the so-called teleparallel equivalent of general relativity (TEGR). Its equations of motion are identical to those of general relativity, their actions only differ by a total derivative term. While both theories are conceptually different, experimentally these two theories are indistinguishable.
Both theories have been modified in the past which led to the emergence of two popular modified gravity models, namely f (R) and f (T ) gravity theories [1, 2, 3, 4, 5, 6] . These theories are physically distinct and also have very different characteristic features. The field equations of f (R) gravity are of fourth order while the field equations of f (T ) gravity are of second order. The precise relationship between these two distinct theories was recently established in [7] starting from a slightly more general theory which also takes into account a boundary term B. This boundary term is the difference between the Ricci scalar R and the torsion scalar T , R = −T + B. It is then possible to build a theory based on f (T, B) that contains both f (R) and f (T ) gravities as limits.
Another approach of modifying teleparallel gravity was already considered in 1970s [8] where it was called 'New General Relativity'. In this model the torsion tensor is decomposed into its three irreducible components known as the vector, axial and tensor part. These three pieces are then squared and a linear functional of these squared quantities is considered. For a certain parameter choice, this theory becomes the teleparallel equivalent of general relativity.
In the present paper we are studying a rather natural modification of teleparallel theories of gravity that combines aspects of both f (T ) gravity and New General Relativity. We start with squares of the three irreducible components of the torsion tensor which we will denote as T vec , T ax and T ten , and consider a non-linear functional depending on all three torsion pieces. We can then formulate a novel modified model based on the function f (T vec , T ax , T ten ). It is our main point of this paper to argue that this theory is the most general (well-motivated) modified teleparallel theory and essentially all previously studied teleparallel models can be viewed as its special limiting cases. It is also possible to make connection with theoretical continuum mechanics models which are also formulated using the irreducible torsion pieces, see [9, 10] .
The main advantage of this general framework is that it allows us to study general properties of teleparallel models. Our analysis of conformal symmetries motivates the introduction of the boundary term and considers a further generalization based on the function f (T vec , T ax , T ten , B). We find then that two unique theories with an Einstein frame are either the teleparallel equivalent of general relativity or f (R) gravity theory.
The notation of this paper is the following: Latin indices denote tangents space coordinate whereas Greek indices denote space-time coordinates. The tetrad and the inverse of the tetrad are denoted as e a µ and E a µ respectively.
Teleparallel gravity models
Teleparallel theories of gravity are based on the idea of working within a geometrical framework where the notion of parallelism is globally defined. In the standard formulation of general relativity this is only possible for spacetimes which are flat and hence are completely described by the Minkowski metric η ab = diag(+1, −1, −1, −1). When working on manifolds with torsion, it is possible to construct geometries which are globally flat but have a non-trivial geometry.
Let us begin with the tetrad formalism, where the fundamental variable is the tetrad field e a µ , related to the spacetime metric through the relation
An additional structure on the manifold is the affine structure, defining the rule of parallel transport, fully characterized by the spin connection. While in General Relativity the connection is assumed to be the torsion-free Levi-Cevita connection, in teleparallel gravity the connection is assumed to satisfy the condition of zero curvature
which is solved by the pure gauge-like connection [11, 12] given by
where 
is generally non-vanishing, and transforms covariantly under both diffeomorphisms and local Lorentz transformations. It can be decomposed as follows
where
are three irreducible parts with respect to the local Lorentz group, known as the vector, axial, and purely tensorial, torsions, respectively. Teleparallel models of gravity are based on the torsion tensor while GR is formulated using the curvature. The most studied teleparallel model is the teleparallel equivalent of general relativity (TEGR), or teleparallel gravity for short, where the Lagrangian is assumed to take the form
The so-called torsion scalar T is defined by
where we have defined three invariants
The above Lagrangian (9) is equivalent to the Einstein-Hilbert action up to a boundary term. Hence, the TEGR field equations are equivalent to the Einstein's field equations.
The first modified gravity model based on the framework of teleparallel gravity was new general relativity, discussed in [8] . It is a natural and simple generalization of Lagrangian (9), where the coefficients in the torsion scalar (10) are assumed to take arbitrary values, this means
where the four a i are arbitrary constants. The number a 0 can be interpreted as the cosmological constant.
In the recent decade, another straightforward generalization of Lagrangian (9) became increasingly popular after it was shown to be able to explain accelerated expansion of Universe without invoking the dark sector [2, 3, 4, 5, 6] . This model is known as f (T ) gravity, where the Lagrangian is considered to be an arbitrary function of the torsion scalar (10) . Its action is given by
Another generalization that found applications in cosmology is teleparallel dark energy, where the torsion scalar (10) is assumed to be non-minimally coupled to the scalar field [13] , or possibly the scalar field is coupled to the vector torsion or the boundary term which relates the Ricci scalar with the torsion scalar [14] . Recently, there has been an increased interest in conformal gravity models that have many attractive features, see for instance [15] . As it turns out, it is possible to construct conformal gravity in the teleparallel framework leading to conformal teleparallel gravity [16] . This model has second order field equations, which are much simpler than those of the usual Weyl gravity based on the square of the conformal Weyl tensor. The Lagrangian of this model is taken to be quadratic in the torsion scalar
whereT is the torsion scalar taken from the new general relativity Lagrangian (14) , with coefficients a 1 = 3/2, a 2 = 2/3, a 3 = 0. Therefore, this model combines some elements of f (T ) gravity and New General Relativity. It is interesting to note the absence of the vector torsion in the Lagrangian. We will return to this observation in section 4. 1 We remark that it is far more common to write the torsion scalar as T =
which is equivalent to our definition [12] . We follow here the definition in terms of the irreducible parts of the torsion, similarly to NGR [8] . As we will show in section 4, the main advantage of this approach is the much simpler transformation properties under conformal transformations.
All these models consider the Lagrangian to be a function of torsion only and do not include its derivatives, as a result of which the equations of motion are always second order. However, it is possible to include derivatives of torsion and deal with fourth (or possibly higher) order equations. Among such models, the best motivated one is f (T, B) gravity, where we include the 'boundary' term B = (2/e) ∂ µ (ev µ ). For a particular form of the argument, we can obtain the usual f (R) gravity taking into account f (−T + B) = f (R). Moreover, it is possible to introduce derivatives of torsion in other ways as well [17] .
New class of modified teleparallel gravity models
All teleparallel models discussed in the previous section, except for new general relativity and teleparallel conformal gravity, assume the torsion scalar to take the same form as in the teleparallel equivalent of general relativity. While this is well-motivated by the fact that the general relativity limit is easily achievable, these are not the most general models one can consider. The main objective of our work is to develop a general scheme to formulate new modified teleparallel models that would naturally include all the above models and allow us to analyze their general properties.
Functions of irreducible torsion pieces
For this purpose, we will combine the ideas of f (T ) gravity and the approach put forward in (14) by generalising this action to an arbitrary function of the three irreducible torsion pieces. Hence, let us consider the following Lagrangian
which naturally includes all previous models. Since the torsion pieces only contain first partial derivatives of the tetrad, the resulting field equations will be of second order. The field equations for the Lagrangian (17) are the usual Euler-Lagrange equations which we can write symbolically as
Since these equations are fairly complicated, we introduce a shortened notation which will allow us to introduce, more easily, further generalisations of this theory. Let us begin with writing the field equations as
where for the first term on the left-hand side, we have used the identity ∂e/∂e a µ = eE a µ . The term on the right-hand side is the energy-momentum tensor defined by
Both these terms are the same as in the ordinary teleparallel gravity or f (T ) gravity. The novel terms emerge from the variations of the new function f . We write
The first two of these three terms are given by
respectively. The final term is slightly more involved and is given by
We derived the field equations following the covariant approach to teleparallel theories, where the teleparallel connection is non-vanishing and takes the pure gauge form (3), see [11, 18, 12, 19, 20, 21] . The theory is in this case manifestly invariant under both coordinate and local Lorentz transformations. To determine the spin connection we can follow the situation in f (T ) gravity [22, 23] , and show that the spin connection can be calculated from constraints obtained from the variational principle [24] . Alternatively, one can decide to work in a particular frame where the spin connection vanishes, which is always possible on the account of the pure gauge character of the teleparallel spin connection (3). One then naturally looses local Lorentz invariance [25, 26] and must restrict considerations to the case of good tetrads, which need to be calculated following the method of [27, 28] . For sake of deriving the field equations, both methods yield the same result.
Inclusion of parity violating terms and higher-order invariants
Action (17) is sufficiently general to include all previously known models of modified teleparallel models with second order field equations that do not introduce additional fields. For sake of completeness of our approach, let us discuss further viable generalizations to obtain models with second order field equations that are possible in this teleparallel framework.
We can recall here that three invariants (11)- (13) are the most general, quadratic, parity preserving, irreducible torsion invariants [8] . If we relax the requirement of parity preservation, we have two new quadratic parity violating invariants [8] which are
We can then naturally consider a straightforward generalization of the gravity Lagrangian in the following way
and derive the corresponding field equations. The Lagrangian (26) is the most general Lagrangian taken as a function of all invariants quadratic in torsion. However, since we consider the Lagrangian to be an arbitrary non-linear function, we can also consider higher order invariants obtainable in this framework. For an illustration, let us consider the two invariant quartic torsion terms
It is obvious that we can construct a large number of such higher-order invariants. We note that S 1 is a pseudo-scalar while S 2 is a true scalar under spatial inversions. In principle, we can include all of them in the Lagrangian and the resulting field equations will be still of the second order. The derivation of the corresponding field equations is rather straightforward using our previous results, but becomes increasingly involved with an increasing number of allowed invariants in the Lagrangian. Therefore, we should exercise caution and consider only well-motivated terms in the Lagrangian. This is the reason why we primarily focus on Lagrangian (17), which can be considered to be general enough to include all previous models, allowing us to analyze some of their generic properties, and still have rather manageable field equations.
Inclusion of the boundary term and derivatives of torsion
Another possible extension of the model (17) is to include the derivatives of torsion. This results in theories with higher-order field equations, which start to be increasingly complicated when adding further terms. Therefore, one should again exercise caution and consider only those derivative terms that are well-motivated.
One of such well-motivated terms is the so-called boundary term
which relates the torsion scalar of teleparallel gravity (10) and the Ricci scalar
in the action (17) . This is motivated by recent work on the so-called f (T, B) gravity model, which for the particular choice f (−T + B) yields the teleparallel equivalent of the popular f (R) modified gravity model [7] . The boundary term is also key in understanding the differences of f (T ) and f (R) gravity. For instance, one of the features of f (T ) gravity is that the field equations are of second order while the f (R) gravity field equations are of 4th order. It is precisely the boundary term B which contains second derivatives of the tetrads which, after using integration by parts twice, gives the 4th order parts of the field equations seen in f (R) gravity. We can then include the boundary term and consider the Lagrangian
As we will see in following section, this Lagrangian naturally appears in the analysis of conformal transformations of our model. The corresponding field equations will be given by (21) with an addition of terms corresponding to the variation of the boundary term, which were reported in [7] . For a detailed derivation of the variation with respect to the boundary term, see Eq. (24) or Appendix A in [7] .
Conformal transformations

Basic equations
It is interesting to study this theory under conformal transformations and the resulting issues of coupling in the Jordan and Einstein frames.The first paper which dealt with conformal transformations in modified teleparallel theories was [29] . In that paper, the author showed that it is not possible to have an equivalent Einstein frame in f (T ) gravity. Thus, for example, it is not possible to constraint f (T ) gravity using post-Newtonian parameters from a scalar field equivalent theory. Therefore, it would be interesting to analyse if this characteristic is also valid for our new general class of teleparallel theory. Let us now consider the conformal transformation properties of the theory given by the Lagrangian (17) . We introduce the label (index) A = 1, . . . , 4, and introduce two sets of four auxiliary fields φ A and χ A . This allows us the rewrite the action as
Variations with respect to χ A yield the four equations
Additionally, varying with respect to φ A one arrives at
Therefore, action (31) can be rewritten as
where we have defined the energy potential as
Next, let us apply a conformal transformation to the metriĉ
where Ω is the conformal factor. When conformal transformations are applied at the level of the tetrad, we havê
Using these transformations we find that the torsion tensor transforms aŝ
Hence it is possible to verify that
This shows that the irreducible torsion pieces T ax and T ten transform very simply, they are multiplied by the conformal factor Ω 2 .
Minimal and non-minimal couplings
Using the above relationships, action (34) takes the following form
From here we can see that if F 4 (φ A ) = 0, or in other words, if the function does not depend on the boundary term B, it is not possible to eliminate all the terms related toT µ in order to obtain a non-minimally coupled theory with T i or a theory minimally coupled to the torsion scalar (an Einstein frame). Integrate by parts the two termsB and the term (6Ω/ê)∂ µ (êĝ µν∂ ν Ω), we can rewrite the above action as follows
Now, let us study the case where we eliminate all the couplings between the scalar field andT µ (or equivalently B). To do that, we must impose the following constraint
By taking derivatives ∂ ν to this equation and then by substituting back into (45), we can find the following condition
which expressed in terms of the initial function f (φ A ) reads
Here, we have used the chain rule to evaluate
In general, the above equation (47) is a system of sixteen differential equations. However, this reduces to six because the involved second order partial derivatives commute. However, these six equations are not all linearly independent. One can show that, in fact, only three of them are linearly independent, namely
Recall here that φ A = {T ax , T ten , T vec , B}. We can directly see that for the special case where f = f (
, the second and third equations are automatically satisfied and only (49) is needed to eliminate all the couplings between the scalar field andT µ . This result is consistent with Eq. (91) reported in [30] . If we are interested on finding a theory where the scalar field is minimally coupled with the torsion scalar (in the Einstein frame) we must impose
Additionally, the conditions (49)-(51) must also hold to eliminate the couplings withT µ . By solving these equations, we directly find that the Einstein frame is recovered if
which isf (R) gravity. As expected, the unique theory with an Einstein frame is either the teleparallel equivalent of general relativity or f (R) gravity. From our computations, one can understand better why modified teleparallel theories of gravity do not have an Einstein frame formulation. We have noticed that T ax and T ten transforms in a simple way under conformal transformations and the problematic term which creates this issue comes from the term T vec . This is not possible to see directly if one starts with f (T ) gravity. Furthermore, the boundary term B is a derivative of the vectorial part (not the other pieces), so that only theories which contain B might remove the problematic terms coming from the conformal transformations in T vec . In principle, one could have speculated that it is possible to remove those new problematic pieces with other kind of theories (not just f (R) gravity), but as we have shown here, this is not possible for other theory different than f (−T + B) = f (R) gravity or TEGR gravity.
Conclusions
It is well known that it is possible to decompose the torsion tensor in three irreducible parts: axial torsion T ax , a tensorial part T ten and vector torsion T vec component. In [8] , the so-called new general relativity theory was introduced, where the action is constructed by a linear combination of these irreducible parts of torsion. Motivated by this work, in this paper we have proposed a new modified teleparallel theory of gravity which generalises and includes all of the most important and well-motivated second order field theories that can be constructed from torsion. In this theory, instead of considering a linear combination of those irreducible parts, a function of them f (T ax , T ten , T vec ) is proposed in the action. Additionally, we have included the possibility for the function to depend on the boundary term B, allowing the theory to have an f (R) gravity limiting case.
